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Implicit Regularization of SGD : Multiple

Descent, Emergence, Algorithm Design

Cong Fang



Research Overview

Larger models require fewer samples The optimal model size grows smoothly
to reach the same performance with the loss target and compute budget
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Optimization: Optimization based Generalization
* Algorithm Design (NeurlPS2024, * Linear/Non-linear Model

ICLR2025,JMLR2024) * Offline/Stochastic Algorithms
* Improved Analysis (COLT2023) e Data Structure
* Lower Bounds (COLT2023) * Explicit Comparison

Invariance Based Causal Discovery:
Linear Model (AoS 2024)

Non-Linear Model (AoS 2025)
Computational Complexity

Convex Relaxation (NeurlPS2024)



Benign Overffitting Phenomenon

» Modern neural network parameters > The number of samples
» Overparameterized models trained with GD/SGD can achieve good generalization.

» Challenging the traditional uniform convergence generalization theory.

Why can good generalization still be achieved?
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Implicit Regularization

» Implicit Regularization: Algorithm guides the model to converge to solutions
with special properties without explicit regularization.

» GD converges to the max-margin solution on logistic regression. (Soudry et al., 2018)

» GD converges to the min-norm solution on linear regressiom. (Belkin et al. , 2019)

s

121 ~

1.0

0.8

0.6

04y

0.2

0.0

N\

—— Wy + w; =1 (solution set)
2”7 Equal-norm contour
Gradient descent path

inimum-norm solution
N
D

0.0

0.2

0.4

0.6 0.8 1.0 1.2
w1

Francis Bach’s Blog

++



SGD’s Implicit Regularization

SGD Algorithm

*
Finite-Sample
Convergence Rate

Specific Modeata Structure




SGD’s Implicit Regularization

SGD’s Implicit Regularlzatlon

i ‘| L
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Learning Curves of Stochastic Gradient
Descent in Kernel Regression




Background

Double and Multiple Descent

Squared loss
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» Current research primarily focuses on the minimum-norm solution and offline
algorithms.

How the scale interplay of dimensionality and sample size impacts
the generalization performance of SGD?



Regression in RKHS

(x5,5:) € ST X R, i€n], X y=fix)+e E?[ex] <o’

Goal: minimize ||f — full 221 Unigseny) -
Kernel: The NTK of ReLU netwok with inputs on S%*1,
Mercer Decomposition: Z)‘k Z Y3 j(x)Yk,;(y)
Interpolation space: [#H]® = {Z az-)\fgbz- | {a;};oq € Kz}.
i=1

Consider different n-to-d ratios; source condition [[f«llggs <1, s> 0.



Algorithm

SGD for Kernel Regression
ftv1 = ft — (ft(xtt) — Y1) Kx, -

If f =0, fi.1 can be expressed as: ft+1 = Z a;Kx;,

whereag =0, a; = —1;_1 (Z a; K (x;,x;) yt>.

Step Size Schedule

Exponentially Decay: Given a total of n iterations, 7, = %,
ifml—-1)+1<t<mbm=] 1. flec = f,.
10g2n

n—
Constant Step Size with Averaged Iterates: n; = ng, f,7 = — Z f+.
n
t=0



Convergence Rates in High-Dimensional Settings

—-10 1

When n < d”, ||fi|/;+ < 1, SGD can achieve optimality for all s > 0.
While KRR cannot for s > 1.
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Convergence Rates in High-Dimensional Settings

When n < d”, ||fi|/;+ < 1, SGD can achieve optimality for all s > 0.
While KRR cannot for s > 1.
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Proof Sketch: General Settings

1
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Proof Sketch: High-Dimensional Settings
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Optimal Algorithms in Linear Regression under

Covariate Shift: On the Importance of Precondition




Out-of-Distribution Generalization

Test on IPT

Training on [P
> [ Excess Risk ]

[ Source Data ]

v

Source Distribution IPS Target Distribution IEDT



Train Directly
by SGD Applied
> >
With [ Model ] Downstream
Tasks
Source

Data

Qource Distribution IP’/ \Target Distribution [P?T/




What are the Out-of-Distribution generalization capabilities
and limitations of models trained with SGD?

» What is the min-max optimal algorithm under covariate shift?
» What is the excess risk of ASGD under covariate shift?
» When can ASGD achieve optimality under covariate shift?

» A unified view of ASGD as a prediction estimator.



Covariate Shift under High-Dimensional Linear Regression

Source Data:  {(xi,¥i)}iq IP’,SCXy and x € R%, d may > n.

Source & Target Covariance Matrix: S =Eps[xx'], T =Epr[xx'].

- arg min £ = arg min £+ = w’.

weRd weRd

Regression Model: le=y—x'w", Ele’xx'] <0°S.

W= {w* cRY: w2, < 1}.

Target Generalization Error: Er(w) = §Epixy(y (w,x))*%.

1
Target Excess Risk: Ry (w) = 5 (ST (w) — m“irn Er (w)) = —||w— w3



Optimal Algorithm

What is the min-max optimal algorithm under covariate shift?

The Power of Precondition Consider W = {w* cRY: ||w*||s < 1}.
. =, 1 S—]_ = ]. 1
OLS Estimator: W = — E 1: XiYi Variance: ;S_ Bias: ~ 0
1=
» ~ 1 i\ . o’ “1AT @ * () T T
Preconditionby A: W = —AS E x;y; Variance: —AS !'A' Bias: (I-A)w*(w") (I—-A)
n : n
1=1

Target Excess Risk of w,

2
-~ * * * o —
Epenl[Wa — w1 S{T,X-A)w*(w*) ' (I-A)") + 7<T,As AT



Optimal Algorithm

What is the min-max optimal algorithm under covariate shift?

Optimal Preconditioner Design
2

i T,(I— A)w*(w) T (I—A) )+ 2 (T, ASIAT
Join, max (T, (- A)w(w?) (I-A) )+ )
2

= min [|(IT—A) TI-A)||+(T,A(S)'AT)

AcRdxd n

General Optimal Preconditioner
2

A = argmin ||(I — A)TT'(I —A)|| + 0—<T’, A(S/)_lAT>a

AcRdxd n
S'=M12sM V2, T =M2TM V2 W= {w* e RY: w3 < 1}.

» This is actually a min-max estimator.
» Pathak et al (2024) already achieved the results.



ASGD Excess Risk N

| P 0]'

sgd
Wn

~ a specialized preconditioner w by A =
O O
ASGD Target Excess Risk Bound:

d

0'2 / Ik O
S—(T, . d
n O n(y+d)diag{Ni},_s-11

o5 ) e s el 3
321n%n
(v+d)n
> T =M 2TM Y2, S =M2sM 2, S =diag{\}},.

[wiE® — w||7

Ik O A —1
es0t | ()
O n(y+d)diag{i}; 1

> k*:max{k:)\k>

}refers to the effective dimension.



Optimality Under the Diagonal Dominant Condition

r-smooth Class O

There exists a constant C' > 0, such that for any P € Q, Expr [xxT] < CS™1.
There exist a constant ¢ > 0 and IP’zo € Q, such that Ty > cS™H,

Examples of r-smooth Class

Density Ratio Bounded Class: Let B > 0 be a constant and Q = {Q . dPL /dP? < B}. (0-smooth class)
Gaussian Dgr, Bounded Class: Let € > 0 and Q = {P5. : Dx1(PT||IPY) < €, PT is Gaussian }. (0-smooth class)

Power-law Anisotropic Covariance Structures
(1) \; =i *witha > 1. (2) M= diag{mi}?zl, m; ~ )\%_s,
ASGD Optimal Region

1
(1) s >1— —,vanilla SGD optimal.

a

1 (@ — 1)2
2) Broaderl — — > s>
(2) Broader — > 2(a 1)

, ASGD achieves optimality.



Optimality Beyond the Diagonal Dominant Condition

Asymptotic Settings

1 ST
Z > — ||w.||3 < 1, SGD achieve optimal rate O ( )

When
In“n Ad n

Rank-1 Target Covariance

(1) \i~i % T=ww' wherew cR%andw; ~i 7.

* * || 2
2) W={w" eR: W], iz < 1}.
1 _ 2(B+y-1)
Optimal Rate: —, a+1<2y; n 21, 286> a+ 1.
n
ASGD Optimal Region: 268 > o+ 1, vanilla SGD is optimal;

2

broader 1 + < 20 < a+1,ASGD is optimal.

200 — 1



What is Emergence?

Emergence: A sharp and unpredictable decrease in test loss with respect to
model size, sample size, training FLOPs, or specific task types...

Modified arithmetic IPA transliterate Word unscramble
=100 -==- 100 === 100 [-ee-deugyzy - - - -
X
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= 80 80 80
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w2
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o
j:-; M\‘
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5
8 3 i ! | 3 i | 3 i ! |
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Training FLOPs
Wei et al. (2022)



Emergence: When and Why?

Are Emergent Abilities of Large Language Models a Mirage?
» The target distribution demands high-accuracy estimation in localized regions.
» Even the min-max risk can exhibit a sharp decrease once the sample size n
exceeds a certain threshold.

. — A3 r—a d . d —ag) d x| 2
Example: S = diag{i " }iy, T = diag {{1}iil7 {7’ a}i:d0+1}7 lw™llz < 1.
Min-max Rate:  O(1), n <do,; O(n T),n > di.

Target Focus Source Eigenvalue Risk & S~ —— Min-max Risk Curve
I:'"““"“:'l + Target Eigenvalue i

do Eigendirection g1 Sample Size



AdaPM: a Partial Momentum Algorithm fo
LLM Training




Introduction

 Adam requires the memory for its optimizer states:

—==First-Order Momentum

Memory Usage for Training Llama 2-7B 12

—==Second-Order Momentum
10 A
m Weigt Memory
81 94%

Memory cost (GB)

®m Optimizer Memory &
Gradient Memory

m Activation Memory \ 4

0 i
BF16 AdamW Adam-mini GalLore AdaPM AdaPM-mini

* Design effective optimizers that require less memory.
* |t requires fewer GPUs to train a model with a desired size, leading to substantial
savings in both cost and energy.
* |t can ease the burden of CPU offloading and model sharding, which in turn, can
enhance the throughput and accelerate the training process.




' Momentum Can be Redundant

A Motivating Example:
- Regressing y = (W, x) + noise with covariate x ~ N(0,X)

X is diagonal with Z;; = i™2 T Ws=i"

- Accelerated SGD with momentum 1 — 3,

B =1 -> vanilla SGD

- Then the excess risk is given by

1 1 1 1
o( gt o bt )

J

Y ) 4
Algorithm’s Variance Algorithm’s bias

- Momentum will enlarge Algorithm’s variance!
- Large variance and small bias: momentum is redundant



e Sparse Gradients: most of the

Algorithm
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Algorithm

* Debiased Low-rank Estimator
* Low-rank approximation of the momentum m;

m,; < (1 — Bl)vf(xuﬁt) + /3iLt_—1Rt—1

LR — (1= B)VS (W) + BiLi-1Re-1 )

2

L:R; € arg min
5 LR

1.0 — mlp.fc

—— mlp.proj
—— query
— key

* One-step residual

o
©

Cosine Similarity
o
[e)]

ro= LR — ((1- B1)VF(Wo) + BILR, )

e Refine the momentum estimate

o©
>

0 5 10 15 20
Assumption 1 (Stationary Residuals). The one-step residuals {rt}tZI are identically distributed
. . . d
across iterations, i.e., ry = ry forall t,t" > 1.
It

1 —

m; = my; —




Algorithm

Require: Weight-decay coefficient A\, decay rates of momentum (31, 32, rank of the momentum

approximation matrices r and learning rate schedule {n,}._,

Obtain mini-batch gradient V f(Wy, &)
my < (1 — 51)Vf(x¢, &) + Bl 1Ry

» Standard second-order momentum update
Vi = favi_y + (1 — B2)[VF(Wy, &)|®?
» Approximation residual

L;, R, = arg IiliIlL,R ||LR — mt||%
'y = 1My — Lth

> Bias correction for low-rank momentum

c __ Tt
m; =m¢ — 73

Wi =W, —n, (clip ( ‘r:i(__.a 1) + )\Xt>




1. Pretraining on GPT-2

GPT-2-1.5B

* Model: GPT-2 124M, 1.5B
e Dataset: Openwebtext(17G)

Algorithm Optimizer Memory GPU Hours
Adam 12.48G 26.67
Adam-mini 6.24G 20.32
AdaPM 6.98G (] 44%) 22.11 (4 17%)
AdaPM-mini 0.74G (] 94%) 17.92 (| 33%)

The loss curves of Adapm closely resemble those of AdamW while reduces
momentum memory consumption to approximately 44% of baseline requirements.

AdaPM
AdaPM-mini
Galore
Adam-mini
AdamW
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3.61 —— QGalore
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2.8
2.6 :
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{2\ Finetuning

e Base Model: llama-3-8b
e Dataset: Ultrafeedback

AdaPM performs on par or better than AdamW.

.3\ = 3.51
g 3 3.0
829 .
8 8 2 5
ke =
§ 2.8 %
cg L% 20-
m 2.7 \ :
0 2000 4000 6000 0 200 400 600
Iteration Iteration
RLHF

SFT
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